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ABSTRACT. The operator £ is elliptic and of second order in a domain Q@
in RN. We consider the following boundary value problem: £u =f in @ and
Bu =0 ondQ, where B = ad/dn + B(d/dn is the conormal derivative on 49).

The coefficient a is assumed to be nonnegative. However, a may vanish
partly on dQ2. Then the regularity of the weak solutions for the above problem is
shown by the variational method.

1. We denote by £ a domain in the N-dimensional Euclidean space RN with
the boundary dQ of class C*™ and the closure ). Let us assume that Q is
bounded.

Consider an elliptic operator £ of second order in Q:

(1.1) ga-—a a..—i +b.—a-+c,
Bxi ; 'axi

where all the coefficients are real and sufficiently smooth. We assume that (ai].)
is uniformly positive definite in £}, and there is a sufficiently large number <o
satisfying ¢ > ¢, in Q. The boundary operator will be taken as

(1.2) 8-al.p,
dn

where

2 _ 4, cos (v, x.)—a— 1
dn Y T ox;
and a, B are real and sufficiently smooth on €.

In this paper we consider the following boundary value problem:

(1.3) fu=f in @ and Bu=0 on Q.
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206 KAZUNARI HAYASHIDA

If a vanishes identically and 8 does not vanish, the problem is nothing else but
the Dirichlet problem which was solved by many authors (cf., e.g., [7]). When a
# 0 on 0%, the problem is reduced to the boundary value problem of the third kind
which was also solved by many authors (cf., e.g., [4]). However, if a vanishes on some
portion of d{, the boundary value problem (1.3) seems to be not so easy. In par-
ticular, ItS [3] constructed the Green function and solved (1.3) for the case when

a, >0 and a + B=1. His tool is the construction of the Green function for the
nonstationary state by integral equations. Now the following question arises:

Can the problem (1.3) be solved by the tool of functional analysis (or by variational
methods)?(2)

On the other hand, recently Maz'ja [6] has considered the following boundary
value problem

1.3") fu=0 and <ai-£ + B)u=g on dQ,

1
where the assumption on {a_} permits the case of &, = 0 on some portion of Q.
He has proved the existence and the uniqueness of weak solutions for (1.3") by
the variational method. However the regularity of the solutions has not been shown
in [6]. Thus the regularity problem for (1.3") arises. For (1.3) the regularity is
known in the classical sense by the result of It [3]. But it seems to us that the
regularity problem for (1.3) is still open in the sense of functional analysis (or of
function spaces).

Thus it seems to be meaningful to show the existence and the uniqueness of
sufficiently smooth solutions for (1.3) under some assumptions for @ and 8 (see
(A) in §2). The method of reducing the problem (1.3) to a degenerate variational
elliptic problem is due to [6] (see the beginning of $4). And our argument is based
upon the elliptic regularization. Particularly we have referred to the work of
Baouendi and Goulaouic [1].

The author expresses his hearty thanks to Professor A. Takeshita for his
helpful advice and incessant encouragement. The author wishes to thank Professor
Y. Kato for his useful discussions and kind advice.

2. Let the operator K be such that
8? ]
= —_— — .03
X-= %igae * (a ii)"i +5) = ,3)
1 ] ]
and consider the function ® satisfying

(2) The question was suggested by Professor S. Mizohata.
(3) We denote o( )/ax; by ( )x; simply.
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@.1) Ko=0 inQ, ®=0alx) on Q.

The existence of such a function ® is well known, and P is sufficiently smooth
in Q. Secondly put

2.2) y= % cos (v, xi)(ai].d)x + bi(b) +B.
i

Then we impose the following assumption on @ and f:

(i) a#0 and a>0 on J.
(A)
(ii) y> 0 on AQ.

From (i) of the assumption we see that ® >0 in Q (see p. 326 in [2]).

Now we shall prepare some function spaces. First for a nonnegative integer
k we put

@ oy= X foD%- D%ax,(D  [ul2 = ur u,

|a|sk

and
(2, v) = (u, g lull = llullye

Let us denote by H*(Q) the Sobolev space with its norm | | g+ For nonnegative
real k the norm || ||, and the space H*Q) are defined in the usual way respec-
tively.

Next we put by V(Q) and W(Q) the completion of C®(Q) with respect to the
following norms, respectively:

luly = X 10%2, | + [@%x|
i
and
%
_ 2
lully = Il + (g7 do) "0
Further we define the following norm for integers k:
Mally = e,y + 22 19%D%| (k> 1)
lal|sk
and
llullo = 0%

(9 a=(ay, +++, ay) means a multi-index and D%= a1 +"'+°N/0xf1 ces axﬁN.
(5 The letter do is the surface element on 9.
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Let us denote by V*(Q) the completion of C*(Q) with respect to the norm || || &
From Lemma 3.4 (in $3) it will be seen that V1(Q) = V(Q).

Remark 1. The above spaces are Hilbert spaces with weighted norms. Re-
cently the weighted norm has been applied to the study of degenerate elliptic equa-
tions (cf., e.g., [1], [5], (8], [9D).

Our main theorem is as follows:

Theorem. For any given f € VEQ) (k> 0) there is a unique solution u €
VE+2(Q) satisfying (1.3).

Remark 2. From the theorem and Sobolev’s lemma we have immediately the
following statement: Suppose that the coefficients in (1.1) and (1.2) are all in
C*(Q). Then for any f € C*(Q) there exists a unique solution u € C*(Q) of the
boundary value problem (1.3). This is nothing else but the result of Itd [3]. His
proof is due to the construction of the Green function for the nonstationary state
by integral equations.

3. In this section we shall prepare some properties for the function ® defined
in (2.1). Let P be a fixed point on 0Q satisfying a(Py) =0 and U(P,) be a
sufficiently small neighborhood of P. The sets @ NU(P), dQ NU(P) and the
point P can be mapped in a one-to-one C* way into {(xl, ey %)) x>0}
{(x}5 +++5 x))| % =0} and the origin, respectively. From now on we put

x=(xl"..’xN-l)’ _‘)’=x~o

Then we can write as (x, -+, x,) = (x, y) simply. Hereafter the transformed
functions in the new coordinate will be denoted also by the original notation.
First we see

Lemma 3.1. There is a constant C such that in a neighborbood of the origin
it holds

3.1) y<COl(x,y)  (y>0)

Proof. The function @ satisfies (3.1) in the original coordinate and ® >0 in
y > 0. Hence by the well-known maximum principle (see p. 328 in [2]) it follows
that d®/dy >0 at (x0, 0), if B(x°, 0) = 0. Of course, this inequality holds also
in the neighborhood of (x°, 0). On the other hand, we easily see (3.1) if ®(x°, 0)
> 0. Thus we have obtained (3.1).

Observing @ on y = 0, we have the following

Lemma 3.2, In a neighborhood of the origin it bholds

(3.2) (paY<cCa (y=0),
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where C is a constant and D means some first derivatives 9/0x,; (i=1,..4,
N-1.

Proof.(6) First we consider the case of N = 2, And for a sufficiently small
a >0, letus consider a in the open interval (- @, ). We denote by a’ the first
derivative of a. If a’' £0 in (~ @, @), then a is strictly monotone in (- a, a).
Hence (3.2) follows in (- @/2, @/2). Thus we may assume a' vanishes some-
where. For any fixed x let x' be such that a'(x') =0 and a’ £0 in (x’, x) (or
(x, x")). Then by the well-known theorem we see

a'(x)?/(alx) - alx")) = 21 )€V €),
where £ is some point in (x’, x). Therefore it follows that
o' (x)? < 2|d"(€)] |ox) - olx)] < 2| (€)]alx).

This implies (3.2) immediately. For a general N we put

9%
a2

C=2 max
1<isN

Then from the case of N = 2 we easily see that the constant C is required in
(3.2).

Further for ® we also have

Lemma 3.3. There is a constant C satisfying
(3.3) O ®’<cd (y>0)

in a neighborhood of the origin.
Proof. We may assume that ® = 0 at the origin. By Taylor expansion,
B(x, y) = afx) + y(Dy<I>)(x, Oy) (0<a<1)
Putting ¢(x, y) = (D ®)x, 6y), we see
Dx(D(x, y) = Dxa(x) + nylﬁ(x, ¥)e

From the proof of Lemma 3.1, (x, 0) > 0 holds.
Now it is easily seen that

(6) The idea of the proof is due to Professor K. Nanba.
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Da
2 x y 2 y
(3.4) (qu)) /®S<-y +—a-§Dx¢l>/<l + a—¢).

We shall show that the right-hand side of this inequality is bounded when (x%, y™)
—(x%, 0). By Lemma 3.2 it is obvious that Dxa/ a* is bounded. When (x”, y™)
—(x0, 0), the behavior of y/a is classified into two cases:

() y/a — + o or

(ii) y/a is bounded.

In the case (i) the right-hand side of (3.4) tends to 0 obviously. For the
case (ii) the right-hand side of (3.4) is bounded, since y/a% is bounded. Hence
(3.3) has been shown.

The following lemma is analogous to the interpolation inequality obtained by
Baouendi and Goulaouic [1].

Lemma 3.4, Forany §>0 and any u € C“(ﬁ'z)(") with compact support,
lul? < COI®*%a |12 4+ 57 |0%u]2),
where C is a constant independent of & and u.

Proof. We proceed in parallel with [1]. Obviously,
2 00
ulx, y) ==2 fy uuydy (y>0.
Denoting the right-hand side by F(y), we see

fow ulx, y)2dy = fom F(y)dy = [yF(y)Ig - f om yF'(y)dy = -2 fow yuu, dy.

Hence Cauchy’s inequality yields
0 2 © 2 -1 £ 2
fo u dysafo yuydy+5 fo yu® dy.
Integrating by x, we obtain
1 - )
lall? < Bly"u 17 + 87 |y ul >
Applying Lemma 3.1 to the right-hand side, we have completed the proof.

4. Again we shall consider the original coordinate. For %, v eClQ)
let us set

Blu, v] = (al.].‘buxi, vxi) + ((al.].(bxj + bi(b)ux

2 ) + (@cu, v) + j;n Buv do,

where do is a surface element on dQ. Such a definition of Blu, v] is based on
the idea of Maz'ja [6. If for any v € C1(Q), Blu, v] = (®/, v), then we have (1.3)
(7) We denote by C°°(I_Q’¥) the set of functions which belongs to C° class in y 20.
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(in the weak sense) by integration by parts. That is, our problem is reduced to
the degenerate elliptic equations.
Now by integration by parts and (2.1) (K& = 0), we see, for z € C1(Q),
1 2
Blu, u] = (ai’.q)uxi, uxj) +((c - A(bi)xi)(bu, u) + J;ﬂ yu* do,
where y is the same constant as in (2.2). From our assumption (A) in §2, y is

positive. Hence we have

(4.1) luld < CBlu, ul  (u e C'@)).

For any ¢ > 0 let us define the bilinear form B[, v] on H!(Q) in such a
way that Bf[u, v.] = e(n, v)l + Blu, v]. Obviously

(4.2) B lus 211 < Cllall 1o«

From (4.1) we see

(4.3) élu]} + lullg < €B,lu, 4l

where C is independent of e.

Let us take a positive sequence ¢} of positive numbers such as ¢, — 0.
For simplicity we put B [, v] = B, [u, v] For a given f € VO(Q) let us take a
sequence {f,} in c*@) sausfymg f — f (v — ) in the topology of VO(Q).
By (4.2) and (4.3) the theorem of Lax-Milgram can be applied to Bv[u. v]. Hence
there is a unique u, € HY(Q) satisfying

(4.4) B, [uy, v]= ((D/v, v) for any v € HY(Q).

By the well-known fact, u , is sufficiently smooth in Q. In particular, substi-

v
tuting v = z,, into (4.4), we have by (4.3) and Schwarz’ inequality

& N, 1T + Ny 12 < Clf, Mgl U
Therefore we have obtained the following

Proposition 4.1. For the solutions u,, in (4.4) the functions c'f | and
ﬂuy “W are bounded with respect to v.

From this proposition we see that there is a subsequence of {z,} which con-
verges to u weakly in W. In the next section we shall show that x|, is

bounded. If this is established, then # is in H(Q) and by (4.4) we have Blu, v]
= (@, v) for any v € H(Q). This equality means that u is the required weak
solution of (1.3).



212 KAZUNARI HAYASHIDA

S. Our aim in this section is to prove the following

Proposition 5.1. For solutions u,, of (4.4) the quantities ||u ||, are bounded
with respect to y. That is, our main theorem in §2 bolds for k= 0.

Before proving the proposition we prepare some lemmas. Let P, be a fixed
point on dQ satisfying a(P;) =0 and B (P ) be a sphere with its center P, and
with its radius 7. Taking r, sufficiently small, we consider a function e
C,(B> (P o) in such a way that ¢=1in B, /2(P ). We perform the same coordi-

nate transformatxon as in the beginning of §3. Then the bilinear form B [u, v] is
reduced to the form

Bf[u, v] = lJE u, E 0) + (Ju, o)} + (]aijbeiu, Ejv) 4

(5.1) ’

+(Ja. @ +bDE uy )+ (Jebu, v) + f Bjuv dx,(8)
ijox; i i y=0

where E are differential operators of first order and ], j are the functions pro-
~ ~
duced by the coordinate transformation. From now on we put B = Bey simply.
Then for the solutions of (4.4) we have

Lemma 5.1. There is a constant C independent of v such that

(5,0 &), D Cu )= B, Wu,, [7'DEID_Lu))
(5.2)
S C(|Iéuv “ 1 (Ev )"Dx(éuv)" 1 + ]'guyll 1 )’

where D* = - D ,
x X

Proof. Hereafter the constants and the functions £z, will be denoted simply
C and v, respectively. Then from (5.1) we see

B’V [va, va] = eV(]Eliv, El,va) + ev(]va, va)
+ (]aij(DEliv, Eijv) + (](al.].(Dx +bDED v,D v)
(5.3) !
+(Je®D v, D_v) + fy=o BiD v+ D _vdx

>
= 1, say.
k=1 k

First we have

(8) The function i’xj means the derivative of ¢ with the original variable Xje
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L= eu((]El.Dx - Dx]Ei)U’ Eliv)
5.4 - -
G-9 + ¢ \JE v, (DIE, ~ E J7'DIID ) + €,(JE v, E J7'D}]D ).
Hence we see immediately that
(5.5) 1y~ QUE 2 EJ7D%ID o) < Ce, ol 1D o1 .
Quite similarly
1%
(5.6) 11, = (7> U2, < Ce ol Dol .
Next let us examine ;. Denoting ]ai’.(l) simply by al."., we see
I,=(e;ED ~D da' E), ED v)
3 ij i x x i 1 j x
* ~1 % -1
+ (@B, (DTE. ~ E.J7'D D v) + (@ .E v, EJ'D}ID v)

say.

=L+ 15

For 13’1 we have

@ ED -Da E.=d (ED -D E)+W.D -Dd)E,
x 15 1 ij 1 x x 1 1] X x 17 1

ij 1 x

and for 13’2,

(D:{Ei - Ej]‘lD: nD_v
=(ED, ~DEI v+E(T)-D v+ ] ED v (%)
From the above we have
I+ 15,=@(ED ~DEMw,ED )+ (dEp,(ED -DE)D 1)
(5.7) - @) Ews ED 2+ @ E 0 ELJ7!]) D 0)
+ @ Ep 7 ED v

Ob{riously the fourth term in the right-hand side is not greater than C ||v|l§. By
the fact ai'j = a].'l. and by integration by parts, the sum of the first and the second
term in the right-hand side is estimated by C llv]lf from the above. Similarly the
same estimates hold also for the other terms in (5.7). Hence we get

(5.8) 1 - @E o, E].]'lDi D )| < Clvli.
In a similar manner as the above we easily obtain the following estimates:

(9) The letter J, means D,J.
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1, - ( f(“i,‘bxi +b®)Ew, ]7'DXID )|,

-9 l1, = (Je®u, J7'D%ID )| < Clv]?
and
(5.10) Ig - fy=0 Biv]~'D}JD vdx| < Cllu|2.

Combining (5.5), (5.6), (5.8), (5.9) and (5.10), we have finished the proof.
Further we have

Lemma 5.2. It holds that
B, (Lu,, J71D% D (Lu, ) - B, [u,, J71DEID_(Lu )| < Clluy, I3,
where C is independent of v.
Proof. Put C [4, v] = B [{y, v] - B[4, {v]. Then we see
(5.11) C,lu, vl = t’uf(gxiu, vxi) - (dxi"",-’ )} + Clu, 0],

where

Cluy vl=@. ¥ uyv_ )=(@. 9 u_,v)+Ua,® +5DX_ u,v)
ij ox; x; i 7x %y i x; i xy

1
Let Clu, v] be the reduced form of Clu, v] by the coordinate transformation, and
we denote {u,, simply by v. Then (5.11) implies

& lu,, 170X 21 = B lv, 171 DLID w1 - B lu,, (17D} D 0]
= U, 1, EJ7'DIID 0) - €(J¢, Eu,y I7'DLID 2)
(5.12) +(a, @8 u,, EJ7DLID ) - (Ja, 8 Ea,, J7'DYID )
1 ]
+ (](aij(bx * biq)){x Uy ]-ID:]DxU)
1 1
5
= kgl I, say.

Here the suffix x, of { and @ are the variables of the original coordinate.
Exchanging differential operators and integrating by parts, we get

i1y - ¢, D,y (D, E )l < Cefu I}

and
2
|12 + ev(]gxliEiuv, éDxuv)‘ < C‘v“"v“l'
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Accordingly,
2
(5°13) |’1 + Izl S C‘y“”y“l'

In a similar manner we see

1 = @, 8¢, ID}D,u,, CE )| < Clu, I

and
*
g+ (0,08, J00D,u,y CE )| < Cl .
Hence
(5.14) l13+l4|.<.C“uv||i'

In addition the estimate
(5.15) 15l < Cllu, |12

is obvious. Combining (5.12) ~ (5.15), we have obtained the lemma.
By Lemma 5.1 and (4.3) we have

e ID_(Cu 2 + 1D _Lu)II?
< CUBWu,, 1710710 Lu ) + € ICu I, 1D, Cu N, + Nu ).
Taking ¢, as sufficiently small we obtain
(5.16) 1D, &u Z < (B, WKu,,» 17'DEID (Lu ]| + [, I
On the other hand it follows from Lemma 5.2 that
17 |Bfu,, J7DE D Cu ) < (Bl £JIDEID_ L ]| + Cllu, )12
and from (4.4) we have
(5.18) B lu,, ¢J7'D%ID (u )l = ¥/, &7 DTID (Lu )
It is easy to see that

(5-19) @1, £~ DD, Lu ) < C I M D L I, -

Noting the boundedness of ||/ |l,, we have by (5.16) ~ (5.19)

1D, Cu )Ny, < Ul I} + 1D, Gu,ly)-

215
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Therefore we get
(5.20) 1D (&uZ < Clu ) + 1)

Now from Lemma 3.4 we see

16} < CIOURHDIC)I? + 10%D P, (I
(5.21) }
3'1(|,|(I>"D(Cu,,)“2 + IIQ%(Cu,,)Hz)I’

where D is either D or Dy. Let us note the following fact. Obviously
2 _p2. . 2
Dy((uv) = Dy& u+ 2DyC Dyu + (Dyuv,
and we see in the original coordinate

(5.22) € Au, +eu, + oLy = @,

because u, are solutions of (4.4). That is, D2 Y2y is a linear combination of /v.
DD.u, D u, Du, and u, Let {{} be a partmon of unity for Q and 3,¢42=
l in Q. Then it is seen that llz, || <z, llf:‘uu"f + C||uv||0 and ||z |, are bounded.
Hence from (5.20), (5.21) and the above facts we get

2D u)ly<cs T 1D Lau )2 + co™t,

Here let us take the positive number & such as C& <%. Then we obtain
3, D, (Lu )} < C. Hence

10%02 8l 19%D,0 L u )l < C.

Since D2 , is a linear combination of other terms in (5.22), it holds also that
II(I)/’Dz(éu J < C. Again applying Lemma 3.4, we can conclude that [z Jl, are
bounded with respect to v. Thus we have completed the proof of Proposition 5.1.

6. In the previous section we have proved our theorem when & = 0. From
now on let us prove the theorem for general k. Since the argument in this section
is almost parallel to the previous section, we shall proceed briefly.

For given [ € VA(Q) we take a sequence l/ } in C* (Q) satisfying f, =/
(v — ) in V¥(Q). Let u, be the solutions of (4.4). Then, of course, u, are
sufficiently smooth in (.

First generalizing Lemma 5.1, we have

Lemma 6.1. There is a constant C such that



BOUNDARY VALUE PROBLEM FOR ELLIPTIC EQUATIONS 217
|B, [0+ (Lu,), DR (Lu )V = B [Lu,, 71 DE DA DR )]

< Cliu e IDE G + 1u )

Proof. It is easily seen that

BIDA 1L, ), DECu ) - B u, (DDA )]

©.1) = ,Zo {B,[D**1-¢gu,), DN DA+ (Lu, )]

- BIDA-1Lu,), G-I DE DD (L )
Let us note each term in the right-hand side. Putting {u, =v, we see
B [Dk+1=lgy ), G71DE 1 DA+ (Gu, )]
= Cv(]EiD’k‘+l-IU, Ei(]-lD:])lD:+lv) + GV(ID:+1-IU, (]- D:‘J)D:H.v)
+ (Ja, @E DE =1, E (17 D7 DL )
+ (e, @, +bDE D=L, 71D D'DL )
i

6.2)
+ (JedDA+1=1y, (J1D% ) DA 0)

+ o BRI DI DL v d
6
=Y I, say.
k=1

By integration by parts we have

k=1 -1
1y = UE PE™lo, ETIDIN 1Dk )| < Ce ol D20

k1l 1

and
1, = U™y, 7IDI D) < Ce ol ,, IDE 1.
Let us examine I3 more carefully. Putting a,-',- = ]aiiQ, we see
1= ED - Dxa'iiEi)D:‘ L, Ef 170X Dk,
+ (@ E Dh=ly, DLE, - E (1 DI N} IDE o)

- - 1
+ (a'iiEiD:’: b, EJ-(] ID:])I“D,’:+ v)

= 13.1 + 13'2 + 13.3, say.
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Obviously

1] - ] _ _ ’ !
a. ED DxaiiEi = ai],(Eli Din) + (“ili - Dxai’.)Ei

ij i x
and
* ~1%; _ _ -1 -1
DIE.~E ] Dx]-(Eli DxE,.)+E,.(] J)+T 1.E;
Hence we have

(4 - k-1 ~1p* )k +l
Iy 413 ,=@(ED ~D EID Y, E(J7D VD, v)

+ (@B Dy, (D, - D ENJ' DL DE )

- (@), B A, EGIDIND )

ij'x

+ @ ED Y, BT ) - GTID Dk )

ij i x

+ (@ EDE N, 1 E 7D D).

ij i x
Thus in the same manner as getting (5.8) from (5.7), we obtain

] k=1 -1 % 1 1
1, - @E D", E(7 DL Dk ) < C ol

Further the following estimates are obvious:
- -1 1
l14-(](aijq)xj+ b ®)E DE-1y, (j7IDI DI DY),
15 - Ge@DX=ty, (1D DM 1DE )| < Clloll2,
and

|'5 = fy=0 BiDﬁ-Iv(]'lD:])“lD:“vdx < Cllvlli”.

Hence from (6.1), (6.2) and by all the above estimates we have obtained Lemma
6.1.

Secondly in parallel with Lemma 5.2 we have

Lemma 6.2. It holds that
(B, Wu,» G DL DR (G N = B [, S DEDR DR (L ]| < C |12,

Proof. Obviously we see
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~ - ~ -
B,Wu,, U7 DIN** DR (L ) - B fu , L (71 DA DE*1(Ly )]

= AUE L, E (7IDEDE D G ) - GE 2,0 LG DI PHIDE L)
+1(a, QF (Cu), E (DI P*1DA L, )

(6.3) - (Ja,®E ,, E’g’(]‘ID:])"”Di”({u,,))l

ij x

+1(Ja, @, + b DE Lu,, JIDENDEN L)
i
- (la, @, + b®Eu, L I7IDE R D ()
It is easily seen that the first and the third terms are estimated from the above by

C ||u,,||,2e 41+ The remaining term (the second term) equals

(o8 s E D081,
- (]aij(I)E My é'x '(]'l D:])k”D’;’l(Cuv))}
i

= {(]aiid)(x Uy, E’_(]°ID:])"+1D:+1(&‘V))

.
1

- a9, 1,4 (DI DEHE u )t
+ {(]a,.,.o;xiu,,, CUID I IDENE 4,
- ( ]aile)é'xi(D:)“l( I7IDL e u)s E )
+{( ]aijd)éxi(D:)k“( IO ), Eu )
- (Ja, O u,, (xi( IR DR Gy

Exchanging differential operators and integrating by parts for each term, we see
that the second term on the right of (6.3) is estimated by Cllz,||2 ,2 from the

above. Thus we have completed the proof.
From the above lemmas we shall proceed along the argument of the previous

section. By (4.4) we see

B lu,, CUIDX DR ) = Of,, S(7IDE DR DR (L)

(6.4)
= (D J™L1of,), GIDENDE Lu))
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From Leibnitz’ formula

(o 17 er,) = Zk c, DPODY/,

P x
[ AL
Accordingly by (6.4) we see

B,lu,, CUTIDI DR Ly )]
6.5)

- ,,E,k (c, L20DI1, DI IDE L ) =1, say.

Since p=0 for g =k and p <1 for g = k - 1, respectively, we get

©6.6) g 5| < CIAMMDE Cu )Ny

and

Ity o < €M, 10, G DENDE Cu )l + 10U~ D LD (L))
6.7
<Clf N, 1D¥*1 (L )y, Gy Lemma 3.3).

When g < k - 2, it holds by integration by parts
k+1
©.8) 1, ol S CUN IDEH (Cu I

p.q -

Combining (6.5) ~ (6.8), we obtain
1B fu,» ST DADEDEE Y < MDAy
Taking ¢, as sufficiently small, we have, by Lemmas 6.1, 6.2 and (4.3),
D%+ a2 < Clu, 2,4 + D
Applying Lemma 3.4, let us proceed in parallel with $5. Then finally we obtain

l0%Dk*2(zu ]l < C.

Hence [lu,[|,,, are bounded with respect to v. This means that the function
satisfying u,, —u in the weak sense is in VE+2(Q). Thus we have completed
the theorem.
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